It has recently been observed that there are no disc galaxies with masses less than 10 9 M ⊙ and this cutoff has not been explained. It is shown here that this minimum mass can be predicted using a model that assumes that 1) inertia is due to Unruh radiation, and 2) this radiation is subject to a Hubble-scale Casimir effect. The model predicts that as the acceleration of an object decreases, its inertial mass eventually decreases even faster stabilising the acceleration at a minimum value, which is close to the observed cosmic acceleration. When applied to rotating disc galaxies the same model predicts that they have a minimum rotational acceleration, ie: a minimum apparent mass of 1
Introduction
It was first noticed by [1] that galaxies were too energetic to be held together by their visible matter and he proposed the existence of an invisible (dark) baryonic matter that provides the extra required gravitational pull. Dark matter is now assumed to be non-baryonic because of the tight constraints on existing baryonic matter from cosmological nucleosynthesis, and it is still the most popular explanation [2] for the galaxy rotation problem [3] , [4] . However, after decades of searching, dark matter has not been directly detected, though attempts to do so are ongoing, for example: DAMA/Libra [5] , CDMS-II [6] , and XENON10 [7] and intercomparisons [8] .
An alternative explanation for the galaxy rotation problem was proposed by [9] who suggested that either 1) the force of gravity may increase or 2) the inertial mass (m i ) may decrease in a new way for the very low accelerations at a galaxy's edge. His empirical scheme (Modified Newtonian Dynamics, MoND) fits galaxy rotation curves, and has the advantage of being less tunable than dark matter. However, it does require a tunable parameter, the acceleration a 0 , and a tunable interpolation function, and it does not correctly model galaxy clusters. MoND is also a controversial theory since, in its gravitational variant it disagrees with Solar System dynamics for some values of its interpolation function [10] , and in its inertial variant it violates the equivalence principle (although this is a lesser problem since this principle has not been tested for the low accelerations seen at the edges of galaxies, which are unobtainable on Earth [11] .
The Pioneer anomaly is similar to the galaxy rotation problem. It is an apparent anomalous acceleration towards a gravity source, in this case the Sun, of 8.7 × 10 −10 m/s 2 and was first observed by [12] and [13] . It has not been detected in the acceleration of the planets and some of their satellites [14] , [15] , [16] , [17] , [18] , [19] , [20] , excluding, perhaps, Neptune [21] , Pluto [22] and trans-Neptunian objects ( [23] and [24] ) whose trajectory data may not yet be accurate enough. This implies that the explanation is not a simple modification of gravity, since this would also effect the planets.
The possibility that the Pioneer anomaly is a consequence of an anisotropic dissipation of onboard sources of thermal radiation has been investigated by [25] , [26] , [27] and [28] . They have found that this process could explain up to one third of the anomaly, but it is difficult to see how this could explain the constant anomalous acceleration, and the possible onset of the anomaly at 10 AU.
Other suggestions have included an empirical modification of gravity [29] , and the addition of an extra dimension within General Relativity [30] . Many of these suggestions are summarised in [31] and a space mission to test for the anomaly was recently suggested by [32] .
In summary the anomalous acceleration seems to be non-gravitational, dependent on trajectory (the bound planets are unaffected at the same orbital radii), and so it makes sense to investigate inertia [33] , also because it is not well understood.
Following the prediction of Hawking radiation from black holes [34] , [35] suggested that an accelerating body may also see thermal radiation and [36] derived an inertia-like force from this Unruh radiation. The wavelength of Unruh radiation increases as the acceleration reduces and [37] pointed out that at the very low accelerations at which galaxies start to deviate from expected behaviour, the Unruh wavelength reaches the Hubble scale. He suggested that then the Unruh waves may not be observable, and that somehow this may abruptly reduce the Unruh-inertia at these low accelerations. This idea is suggestive, but does not quantitatively fit any galaxy rotation curves, and cannot explain the Pioneer anomaly, since the Unruh waves these spacecraft may see are far shorter than the Hubble scale.
Building on Milgrom's abrupt break, a new model for inertia was proposed by [38] and this model could be called a Modification of inertia resulting from a Hubble-scale Casimir effect (MiHsC) or Quantised Inertia. As above, MiHsC assumes that the inertial mass of an object is caused by a drag from Unruh radiation. The new assumption is that this Unruh radiation is subject to a Hubble-scale Casimir effect. This means that only Unruh wavelengths that fit exactly into twice the Hubble scale (harmonics with nodes at the boundaries) are allowed, so that a greater proportion of longer Unruh waves are disallowed, reducing inertia in a new, more gradual, way for low accelerations. This model predicts that the inertial mass (m I ) varies as
where m g is the gravitational mass, β = 0.2 (empirically derived by Wien for Wien's law), c is the speed of light, Θ is the Hubble diameter (2.7 × 10 26 m, [39] ) and the acceleration (a) for the Pioneer craft was the magnitude of the acceleration of the Pioneer 10 and 11 spacecraft relative to their main attractor the Sun (see [38] for the derivation of Eq. 1). MiHsC predicted a reduction of inertial mass for the Pioneer craft of about 0.01% which made them more sensitive to the Sun's gravity resulting in an extra predicted Sunward acceleration of 6.9 × 10 −10 m/s 2 , in agreement with the Pioneer anomaly. The advantages of MiHsC are that it is based on a physical model, is simple, and it needs no adjustable parameters. Its main disadvantage is its apparent agreement only with unbound trajectories. [40] showed that MiHsC agrees quite well with the flyby anomalies: unexplained velocity changes seen in Earth flyby craft observed by [41] (also discussed in: [42] and [43] ), if the conservation of momentum is considered, and also if the acceleration in Eq. 1 is not the acceleration with respect to a single background (as in Milgrom's MoND or [44] ), but instead the acceleration relative to the surrounding matter (following Mach's principle). In [45] this was taken to its logical conclusion, and the acceleration relative to the fixed stars was included in Eq. 1.
Returning to the galaxy rotation problem: this is also an unexpected acceleration towards a source of gravity. The problem is that galaxies are bound systems and MiHsC only seems to apply to unbound objects. This problem is avoided here by looking at galaxies at the edge of boundedness, ie: very low mass ones in the hope that their characteristics may be determined by MiHsC.
Recently, [46] studied the baryonic mass of rotationally supported (disc) galaxies and showed that there are none with a baryonic mass less than 10 9 M ⊙ (within the central 500 parsecs) and these results are unexplained so far. In this paper it is shown that MiHsC predicts minimum linear and rotational accelerations. The former are shown to be close to the acceleration attributed to dark energy, and the latter imply a minimum disc galaxy mass close to that observed.
Method & Results
Starting with Newton's second law and gravity laws for a star with gravitational mass m g and inertial mass m I orbiting a galaxy with gravitational mass M we get
Following [38] , [40] and [45] the inertial mass is replaced with Eq. 1, in which |a| is the average mutual acceleration of every other mass in the universe. Simplifying the constants (βπ 2 ∼ 2, introducing a 1.5% error) and cancelling m g we get
Rearranging we get
whereâ = a/ |a|, a unit vector. As shown in [38] , this formula implies that, even if the gravitational mass in its vicinity is zero, MiHsC (the second term on the right hand side) predicts that an object must still accelerate: there is a minimum acceleration in nature. It is interesting that this is close to the observed acceleration attributed to dark energy ( [47] and [48] ). Now considering smaller and smaller galaxies, the mass M in Eq. 4 will decrease and the extra acceleration due to the new second term will become ever more important. The extra acceleration is inwards (in the direction of a, ie: â) so the apparent proportion of dark matter in the galaxy will seem to increase (term 2 divided by term 1). When M→0 the MiHsC acceleration will still be finite, as follows
If we are unaware of this extra MiHsC term, then the residual observed acceleration will be misinterpreted as being due to an apparent (or dark) mass M dark so that
This apparent dark mass, within a radius of r=500 parsecs, is predicted by Eq. 6 to be
This agrees with the minimum mass of disc galaxies of about 10 9 M ⊙ observed by [46] . If MiHsC is right then it implies that these small galaxies have remained above the MiHsC minimum acceleration by spinning as ifthey contained the apparent mass predicted by Eq. 7. The apparent dark matter in larger galaxies may have a similar cause, but this is a far more complex problem and outside the scope of this paper.
Discussion
To explain in a more intuitive way: as we consider smaller and smaller galaxies the rotational acceleration reduces, eventually for very small galaxies the rotational acceleration is so small that the effect of MiHsC begins to reduce the stars' inertia and this has the effect of increasing the rotation again. Since the stars have a very low inertial mass they can easily be bent into rotation by even a tiny amount of baryonic mass. A balance is reached at the minimum allowed rotational acceleration. If we are unaware of MiHsC then we interpret the residual rotation as being due to extra dark matter. The mass at the balance point has a definite value and has been predicted above. The fact that this agrees with the observed mass cutoff for disc galaxies is encouraging.
The behaviour of elliptical galaxies has not been considered here since they are pressure supported and so Eq. 2 would be more complex, with an extra pressure term. According to [46] they can attain masses as low as 10 7 M ⊙ . MiHsC can explain this qualitatively, since the extra non-rotational accelerations in these systems make it possible for them to stay above the minimum acceleration, even with lower rotational accelerations.
As a larger-scale independent test, on a much larger scale, Eq. 7 can be applied to the observable universe (which has a radius of Θ/2) so that
This is the apparent total (dark) mass that the observable universe must have if it is to accelerate fast enough to satisfy the minimum acceleration of MiHsC. From the Friedmann cosmological equations ( [49] ) the mass that the observable universe must have to be closed is given by
This mass is 1 × 10 53 kg and the mass of the observable universe including dark matter is thought to be close to this, although the reason is unknown (this is called the age, or flatness, problem). As shown above M closed is close to the minimum mass predicted by MiHsC, so MiHsC could provide an explanation for the flatness problem.
The MiHsC model has a number of problems, among these are: 1) there is no proven reason why bound and unbound trajectories should behave differently, 2) how do such long Unruh waves interact with matter and the Hubble scale? 3) why is it that the large particle accelerations within stars, and within atoms, do not need to be considered? 4) The modified inertia predicts dynamical effects due to both an increased sensitivity to external force, and changes in momentum and both of these need to be considered.
A suggested practical test
Since astronomical tests as discussed above can be ambiguous, it is important to suggest a direct controllable experimental test. This is attempted here. The wavelength of the Unruh radiation seen by accelerated objects [35] is given by
For terrestrial accelerations these wavelengths are too long to be detectable, or to be generated. For example an object accelerated at 9.8m/s 2 , sees Unruh radiation with λ ∼ 10 16 m. It is suggested here that the first assumption of MiHsC (inertia is due to Unruh radiation) could be tested by accelerating a particle around, say, the 1 km ring at the CERN particle accelerator. If the particle's speed is 0.9c then its acceleration would be 7.3 × 10 13 m/s 2 . Since its acceleration is so high, the Unruh radiation it sees would be short enough (9.7 km) to be produced artificially (these are long radio waves). Some extra manmade Unruh radiation could now be applied to the particle. Since the particle is travelling at 0.9c, and because of special relativity, a radiation of wavelength 22 km would have to be used so that the moving particle would see a wavelength of 9.7 km. Then, if assumption 1 of MiHsC is right, the particle would see more Unruh radiation corresponding to its acceleration, its inertial mass would increase, and this change in inertia could be detectable in its trajectory.
Conclusions
The cosmic acceleration attributed to dark energy, the observed minimum disc galaxy mass of about 10 9 M ⊙ and the Hubble mass, can be predicted using a model that assumes that 1) inertia is due to Unruh radiation, and 2) this radiation is subject to a Hubble-scale Casimir effect.
It is proposed that assumption 1 of MiHsC can be tested using a particle accelerator to accelerate particles to the extreme, so that the Unruh radiation they see (and that may determine their inertial mass) is short enough to be supplemented using man-made radiation. This may allow control of the particles' inertia, with detectable consequences.
